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a b s t r a c t
In this paper, we apply singular perturbation techniques to price European puts with
a stochastic volatility model, and derive a simple and elegant analytical formula as an
approximation for the value of European put options. In contrast to the existing Heston’s
semi-analytical formula, this approximation has the following unique feature: the latter
only involves the standard normal distribution function, which is as fast and easy to
implement as the Black–Scholes formula; whereas the former requires the evaluation of a
logarithm with a complex argument during the involved Fourier inverse transform, which
may sometimes result in numerical instability. Various numerical experiments suggest that
our new formula can achieve a high order of accuracy for a large class of option derivatives
with relatively short tenor.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
It is a well-known fact that the BS (Black–Scholes) model is inadequate to describe the asset returns and the behavior of
the optionmarkets. The literature advocates the introduction of stochastic volatility to reproduce the implied volatility smile
observed in markets. Among those stochastic volatility models (e.g., [1–4]), the model proposed by Heston [3] has received
the most attention and we shall use this model throughout the paper. The introduction of a second stochastic factor has
considerably complicated the solution process in pricing option derivatives. It leads to a bivariate PDE (partial differential
equation), which is of enormous interest to financiers and mathematicians alike. Moreover, it has resulted in many diverse
mathematical and computational techniques being employed in the valuation of option derivatives.
Singular perturbation theory, which is a branch of applied mathematics, has been widely used for the option pricing
problems. For example, Whalley et al. [5–7] adopted this method to study the transaction costs. Kuske and Keller [8] also
used this technique to derive an explicit analytical expression for the optimal exercise boundary near expiry under the
BS model. Martin et al. [9,10] extended this method to the valuation of a class of option derivatives under the BS model.
Obviously, the use of this method has led to a significant simplification of the problems mentioned in [5–8,10], by reducing
the number of parameters. The purpose of this paper is to derive an approximation for European puts under Heston’s model
by using singular perturbation theory.
Although an analytical formula has already been found for European puts under Heston’s model [3], it has unfortunately,
displayed some undesired characteristics. For example, Heston’s formula still requires the valuation of a logarithm with
a complex argument involved in the Fourier inverse transform. The main disadvantage of a solution being left in such a
form lies in the fact that the numerical calculation of these integrals needs to be handled very carefully, as the integrand
is multi-valued, which may sometimes give rise to numerical instability [11]. Furthermore, it is also suggested that the
numerical calculation of Heston’s formula could be made extremely complicated by the fact that the integrand is typically
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of oscillatory nature (e.g., [12,11]). In the literature, some authors focused entirely on the numerical implementation of
Heston’s formula [12,11]. It must be pointed out that all these methods still require a certain degree of computation. The
aim of making an approximation as presented in this paper, is to reduce the intensity of the final numerical computation,
while maintaining a reasonable degree of accuracy for a large class of traded options.
In this paper, a new approximation for the European puts with stochastic volatility is presented. The formula is found
through solving Heston’s PDE, with the utilization of singular perturbation method. In comparison with the complicated
numerical calculation of Heston’s analytical formula, the newly-obtained approximation is rather simple and elegant, since
it only involves the standard normal distribution function, which is regarded as a built-in function in most software, such
as Maple [13], Matlab [14] and so on. On the other hand, our numerical experiments suggest that the new approximation is
suitable for pricing options with relatively short tenor, which is a common characteristic of most options in the traded
markets. For instance, the front month option, which expires in less than four weeks, attracts the most volume [15].
Furthermore, short-tenor options, which last for only one or two months, dominate the equity option markets [16].
Therefore, our approximation has a wide range of applications in the option markets.
The paper is organized as follows: In Section 2, we present the details of applying singular perturbation technique to the
valuation of European puts under Heston’s model. In Section 3, some numerical examples are presented to illustrate the
accuracy and the advantage of the current approximation. Concluding marks are given in the last section.
2. Heston model and European put options with short tenor
In standard Heston model, the price of a European put P can be modeled by the following PDE system:
1
2
vS2
∂2P
∂S2
+ ρσvS ∂
2P
∂S∂v
+ 1
2
σ 2v
∂2P
∂v2
+ rS ∂P
∂S
+ κ(η − v)∂P
∂v
− rP − ∂P
∂τ
= 0,
P(S, v, 0) = max(K − S, 0),
lim
S→∞ P(S, v, τ ) = 0,
lim
S→0 P(S, v, τ ) = Ke
−rτ ,
lim
v→0 P(S, v, τ ) = max(Ke
−rτ − S, 0),
lim
v→∞
∂P
∂v
(S, v, τ ) = 0,
(2.1)
with S being the underlying, v being the variance and τ being the time to expiry. Moreover, r , κ , η, ρ, σ and K denote the
risk-free interest rate, the relaxation rate of the variance process, the mean value of the variance process, the correlation
factor, the volatility of the volatility and the strike price, respectively. The boundary conditions along the v direction, which
are based on the riskless growing argument (as v → 0) and market observations (as v → ∞), are discussed thoroughly
by Zhu and Chen [17]. The original Heston’s boundary conditions are rather complicated, especially for the case as v → 0,
and it is still controversial whether or not Heston’s analytical formula [3] does indeed satisfy the given boundary conditions
along the v direction.
One of the reasons that Heston’s model is much more popular than other stochastic volatility models is that, under
Heston’s model, the closed-form analytical solution has already been found [3], i.e.,
P(S, v, τ ) = K exp(−rτ)− S + SP1(log S, v, τ ; log K)− K exp(−rτ)P2(log S, v, τ ; log K), (2.2)
where u1 = 1/2, u2 = −1/2, b1 = κ − σρ, b2 = κ, x = log S, a = κη,
dj =
√
(ρσφi− bj)2 − σ 2(2ujφi− φ2), gj = bj − ρσφi+ djbj − ρσφi− dj , Dj =
bj − ρσφi+ dj
σ 2
(
1− edjτ
1− gjedjτ
)
,
Cj = rφτ i+ a
σ 2
[
(bj − ρσφi+ d)τ − 2 log
(
1− gjedjτ
1− edjτ
)]
, fj = eCj+Djv+iφx,
Pj = 12 +
1
pi
∫ ∞
0
<
{
e−iφyfj(x, v, τ , φ)
iφ
}
dφ.
The functions Pj(x, v, τ ; y) are the cumulative distribution functions (in the variable of y) of the log-spot price after time τ ,
starting at x for some drift µ. It should be remarked that Heston’s solution has already been in a closed form, since there is
only an explicit integral left to be calculated, the same as the calculation of the cumulative distribution function required
in BS’ formula. However, the sharp difference between the two is that the integrand of the latter is a well-defined and
smooth real function whereas the integrand of the former is a complex-valued function, as a result of the Fourier inverse
transform not being analytical performed. Consequently, the numerical implementation of Heston’s formula may not be as
straightforward as numerically carrying out a quadrature, as they are multi-valued, which may cause numerical instability
when one decides which root is the correct one to take. In order to avoid the complicated numerical calculations, it is
desirable to make an approximative solution, which is fast and easy to implement.
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For small τ , an approximation of the above PDE system can be derived as follows. We set τ = θT , where T = O(1), and
θ is a small parameter. By assuming that the solution can be expanded in powers of θ , i.e., P(S, v, T ) =∑∞n=0 θnPn(S, v, T ),
and substituting this into the PDE system (2.1), we obtain the solutions of the O(1) and the O(θ) differential systems as
P0(S, v, T ) = max(K − S, 0), and P1(S, v, T ) = −rKT for S < K −O(θ), 0 for S > K +O(θ), respectively. It can be observed
that the first order solution P0 is continuous but not differentiable. Thus, we expect that there is a corner layer, or derivative
layer, at S = K . The difference between the corner layer and other common boundary layers which we usually encountered
in mathematical problems, lies in the fact that in the so-called corner layer, the rapid changes will occur in the slope, or
derivatives of the solution, and not in the value of the solution itself. In our problem, the outer solution is invalid near the
strike price. This is because ∂
2P0
∂S2
= δ(K − S), and hence the second-order derivative with respect to S cannot be ignored
when deriving the O(1) differential system as S approaches K .
Now, we perform a local analysis in the vicinity of S = K by introducing the stretched variable: X = (S − K)/(θαK),
where α needs to be determined such that the corresponding operator as θ → 0 contains as much information as possible.
Substituting this stretched variable X into the governing equation contained in (2.1), and letting Y˜ denote the solution in
this region, we obtain:
∂ Y˜
∂T
= 1
2
v(θαX + 1)2θ1−2α ∂
2Y˜
∂X2
+ r(θαX + 1)θ1−α ∂ Y˜
∂X
− rθ Y˜ + ρσvθ1−α(θαX + 1) ∂
2Y˜
∂X∂v
+ 1
2
σ 2vθ
∂2Y˜
∂v2
+ κ(η − v)θ ∂ Y˜
∂v
. (2.3)
It can be observed that α = 1/2 is a well-balanced choice. This is because the degenerations of the corresponding operator
of Eq. (2.3) with other choices of α are contained in the degeneration obtained on choosing α = 1/2.
With the new variable X , the boundary conditions, which would be concerned, all have a factor
√
θK in common. Thus,
it is quite reasonable to rescale the problem by defining Y = √θKY˜ , and expand Y (X, v, T ) in terms of√θ ,
Y (X, v, T ) = Y0(X, v, T )+
√
θY1(X, v, T )+ O(θ). (2.4)
Upon collecting together those O(1) terms, the initial-boundary value problem for Y0 is
∂Y0
∂T
= 1
2
v
∂2Y0
∂X2
,
Y0(X, v, 0) = max(−X, 0),
lim
X→+∞ Y0(X, v, T ) ∼ 0, limX→−∞ Y0(X, v, T ) ∼ −X .
(2.5)
The solution of Eq. (2.5) can be found by using similarity solution technique. It is:
Y0(X, v, T ) = (
√
vT/
√
2pi) exp(−X2/(2vT ))− (X/2)erfc(X/√2vT ).
One should notice that the conditions at X = ±∞ in Eq. (2.5) are consistent with the payoff function. They can also be
obtained by matching with the outer solution using the Van Dyke rule [18]. This is accomplished by writing the outer
solution P0(S, v, T ) in terms of the inner variable X = (S − K)/(
√
θK), and expanding P0(X, v, T ) to the order of O(
√
θ).
The coefficients in front of
√
θ are the boundary values that are needed.
Similarly, the initial-boundary value problem for Y1 is:
∂Y1
∂T
= 1
2
v
∂2Y1
∂X2
+ Xv ∂
2Y0
∂X2
+ r ∂Y0
∂X
+ ρσv ∂
2Y0
∂X∂v
,
Y1(X, v, 0) = 0,
lim
X→+∞ Y1(X, v, T ) ∼ 0, limX→−∞ Y1(X, v, T ) ∼ −rT .
(2.6)
It is not hard to find the solution of Eq. (2.6) by using the following lemma [9]:
Lemma 2.1. (i). If uτ − 12uxx = 0 and vτ − 12vxx = u, then a particular solution is v = τu.(ii). If uτ − 12uxx = 0 and
vτ − 12vxx = xu, then a particular solution is v = xτu+ 12τ 2ux.
The proof is rather trivial, and is thus omitted here. Hence, Y1 = (
√
2vTX)/(4
√
pi) exp(−X2/(2vT )) −
(rT/2)erfc(X/
√
2vT )− (√2TρσX)/(4√piv) exp(−X2/(2vT )).
Theoretically speaking, in the analysis given above, we must exclude a neighborhood of the boundary points (S, v) =
(K , 0) and (S, v) = (K ,∞), where a transition betweendifferent kinds of layersmay occur. This is the reasonwhy v becomes
a parameter rather than a variable in the initial-boundary value problems (2.5)–(2.6), and the boundary conditions along
the v direction are no longer needed. On the other hand, it is straightforward to show that Y0 and Y1 satisfy the omitted
boundary conditions along the v direction.
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(a) τ = 0.08, v = 0.28. (b) τ = 0.5, v = 0.28.
Fig. 1. European put option price with different times to expiration.
It must be pointed out here that Eq. (2.4) is valid in the inner region, where S ∈ O(K ,√θ), while in the outer region, we
have the outer expansion found earlier. We will now combine the two pieces of solutions to form a composite expansion.
This is done by adding the expansions and then subtracting the part that is common to both. Note that by writing Eq. (2.4)
in terms of the outer variable S, it equals to the outer expansion as θ → 0. In other words, the outer expansion and the
common part coincide. Therefore, the inner expansion is in fact uniformly valid. Written in terms of the original variables,
the new approximation formula that can be used for all S and small τ is:
P(S, v, τ ) =
[
S
(√
2vτ
4
√
pi
−
√
2τρσ
4
√
piv
)
+ K
(√
2vτ
4
√
pi
+
√
2τρσ
4
√
piv
)]
e−
(S−K)2
2vτK2
− (S + (rτ − 1)K)N
(
K − S
K
√
vτ
)
+ o(τ ), (2.7)
where N(·) is the standard normal distribution function.
Obviously, our newly-obtained formula is much simpler than the original Heston’s analytical solution, that is, it can be
written in terms of the standard normal distribution function, and thus is as fast and easy to implement as the BS’ formula,
whereas the latter still requires rather complicated numerical calculation. However, just as pointed out previously, the
fundamental assumption of the derivation of Eq. (2.7) is that, the time to expiration τ should be very small. Therefore, in
the next section, we will show numerically how our new formula is better performed than the existing Heston’s analytical
formula, aiming at finding out the range of τ for which Eq. (2.7) is valid.
3. Numerical tests and discussions
One may argue that there is no need to find a new approximation since Heston’s formula has already been in a closed
form. However, several studies (e.g., [11,12]) suggest that the numerical implementation of Heston’s formula may not be as
straightforward as numerically carrying out a quadrature because the integrand involved is not only typically of oscillatory
nature, but also a complex-valued function, as a result of the Fourier inverse transform not being analytically performed. In
comparison with the complicated integral calculations, the advantage of our new formula is obvious, that is, it only requires
to calculate the standard normal distribution function, which is regarded as a built-in function in most software, such as
Maple [13], Matlab [14] and so on. In this section, we shall present some numerical results, which not only manifest the
advantage of the new approximation, but also give a guideline on the application of this new formula to the optionmarkets.
The first experiment is the same as used in [19]. The parameters used by them are: κ = 2.5, η = 0.16, σ = 0.45,
r = 0.1, ρ = 0.1, K = $10.0. We calculate the option price through the new approximation, and compare it with the
analytical solution. Depicted in Fig. 1 are the option prices as a function of the underlying S with different values of τ .
It can be clearly seen that when τ is reasonably small, the two results agree well with each other, and when τ becomes
larger, the accuracy deteriorates gradually. However, it must be remarked that when τ is very small, i.e., τ = 0.0001(year),
τ = 0.001(year), τ = 0.01(year), Heston’s analytical formula cannot produce an accurate solution. This is because for very
short maturities, the put value approaches its non-smooth intrinsic value causing the integrand in the Fourier inversion to
be highly oscillatory [12].
On the other hand, it should be remarked again that the fundamental small parameter in the present work is related
to the time to expiration τ . As a result, the higher accuracy of the new formula can be achieved with restriction on small
value of τ . Fortunately, empirical evidence suggests that most options in the traded markets have this characteristic. For
example, the front month options, which expire in less than four weeks, attract the most volume [15]. Almost all stock and
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Table 1
Relative errors of the new approximation.
The risk-free interest rate r σ ∈ [0.1%, 45%] σ ∈ [45%, 80%]
τ = 0.08 year (one month)
r = 1% 0.57%–0.63% 0.63%–0.73%
r = 5% 0.76%–0.88% 0.88%–0.99%
r = 10% 1.08%–1.21% 1.21%–1.32%
r = 20% 1.76%–1.90% 1.90%–2.01%
r = 30% 2.55%–2.64% 2.64%–2.75%
τ = 0.17 year (two months)
r = 1% 1.72%–1.77% 1.77%–1.96%
r = 5% 2.07%–2.26% 2.26%–2.48%
r = 10% 2.67%–2.93% 2.93%–3.15%
r = 20% 4.11%–4.39% 4.39%–4.62%
r = 30% 5.65%–5.92% 5.92%–6.14%
τ = 0.25 year (three months)
r = 1% 3.04%–3.09% 3.09%–3.28%
r = 5% 3.56%–3.71% 3.71%–4.01%
r = 10% 4.30%–4.67% 4.67%–4.99%
r = 20% 6.39%–6.78% 6.78%–7.13%
r = 30% 8.69%–9.09% 9.09%–9.42%
cash-settled index options expire after the close on the third Friday of the month, and thus belong to this category [15].
Furthermore, short-tenor options, which expire in one or two months, dominate the equity option markets [16]. Therefore,
it is quite reasonable to expect τ to be small. At this stage, however, it is still ambiguous to answer the question of how
‘‘small’’ τ should be, and how our new approximation can be applied to the option markets. We shall discuss these issues
through the next experiment.
Table 1 shows the relationship between the time to expiry τ and the accuracy of the new formula with different ranges
of r and σ . Note that the accuracy here is measured by the relative error, which is defined as: Error = ‖P − P˜‖∞/‖P˜‖∞,
where P and P˜ denote the values that are computed from Eqs. (2.7) and (2.2), respectively, and ‖ · ‖∞ denotes the infinity
norm. On the other hand, for other parameters that are needed in the numerical implementation, we chose the values that
were estimated daily in the June 1988 to May 1991 period [20], i.e., κ = 1.15(0.03), η = 0.0348(0.00), ρ = −0.64(0.01),
where the daily averages of the estimated parameters are reported first, followed by the standard errors in parentheses.
Furthermore, Table 1 also reveals some important ‘‘rules of thumb’’ for our new formula to be used in finance practice.
First of all, the new approximation formula is insensitive to the change of σ . We have deliberately tabulated two columns
of σ values, demonstrating that when the interest rate as well as other parameters are held constant, the relative errors of
adopting the new formula do not change verymuchwhenσ belongs to two very distinct ranges of [0.1%, 45%] and [45%, 80%],
respectively. In fact, the relative error has only changed by about 1% when σ is varied from 0.1% to 80%, which is extremely
large already as even during the recent global financial crisis, the estimated σ should not bemore than 80% if one adopts Zhu
and Lian’s [21] approach for the estimation of σ . This implies that one does not need to worry too much about the σ values
when one uses this formula for the calculation of option price. On the other hand, one can clearly observe that the accuracy of
the current formula inversely varies with respect to the risk-free interest rate r . This means that one does need to be careful
with the new formula when the interest rate is high. However, with a quite high interest rate of 10% (e.g., at the moment,
Iceland has a very high, if not the highest, interest rate of 9.5% among developed countries.), the relative error would be only
slightly higher than 1%, if the formula is used to price an option expiring in onemonth. For a 5% interest rate, the relative error
falls below 1% for option contacts of a lifetime of one month and is slightly above 2% for option contacts of a lifetime of two
months. Of course, if r is very small, say around 1%, which is roughly the current interest rate in some largest economies such
as the United States, Japan, Canada and most of the European countries [22], our approximation can be adopted for options
expiring in even more than three months. In short, the present approximation is a good tool for traders to use in pricing
short-tenor option derivatives, such as all of the front month options, most of the equity options and the index options.
4. Conclusion
In this paper, we derive a new approximation for European puts under Heston’s model by using singular perturbation
method. The newly-obtained formula only involves the standard normal distribution function, and is thus as fast and easy
to implement as the BS’ formula, whereas Heston’s analytical solution needs to be handled very carefully, as they are multi-
valued, whichmay result in numerical instability when one decides which root is the correct one to take. On the other hand,
numerical experiments suggest that, with an acceptable degree of accuracy, this new approximation is sufficient in pricing
a large class of short-tenor option derivatives with maturities of no more than three months, such as all of the front month
options, most of the equity options and the index options. Therefore, our new approximation is indeed a remarkably good
one for practical purpose.
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